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The problem

Decomposing symmetric tensors

You have...
F = —4xy + 2xz + 2yz + 2°.

You want...
F=(x-y)?-2(x+y)?+(x+y+2)>2
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The problem

Decomposing symmetric tensors

You have...

F = —4xy + 2xz + 2yz + Z°,
f=Fyq=-4y+2z+2yz+2°

You want...

F=(x-y)?-2(x+y)?+(x+y+2z)>
f=Feq=(1 —y)2—2(1 +y)2+(1 +y+z)2.
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Ideas

Move and solve the problem in the dual space

Apolar polynomial

f= 3 £,Xx* € Ry
|or|<d
d
f*: Ry = K,
f(k «
g= > GuX*~(f,g)= 3 f
jal<d jaizd (o) |
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Ideas

Move and solve the problem in the dual space

Apolar polynomial

f*=() fux*)": R~ K,

|orl<d

f(‘z (0%
g-= Zgax“|—><f7g>: Z dg
|o|<d |ov|<d (a)

Dual map
7: Reg = RZy,

7
= Z/\,(1 S /1,'X1 qF ccoqp /n,'Xn)d = Z/\,‘l(/”_’my/ni).
i=1 i=1
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Ideas

Move and solve the problem in the dual space

T Rgd => R;d‘

r r
ii= Z/\,'(1 =F /1,'X1 qFoco =R /n/Xn)d —~ f* = Z/\,'l(/1/.7_”’/ni).
i=1 i=1

Find A € R* that restricts to f* on R.g:

A, = f*.

\
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Ideas

Use Henkel operators

Let A € R*. Define
» the Henkel operator of A as
Hn:R— R",
rrxN=(t—ANrt)),

> //\ = ker H/\,
» Ax = R/,
» the multiplication by r operators on A, and A as
M; : Ay — A, ME: Ay — Ax,
ter-t, QI
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Ideas

Use Henkel operators

[BCMT] Theorem
Let A e R* and r € N.o. The following are equivalent:

» There exist non-zero constants {\;}(s,... ;, and distinct points
{GYieqt,....ry € K™ such that

,
A= Al
i=1

» rkH) = r and |, is a radical ideal.
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Ideas

Use Henkel operators

Let A € R* such that /5 is 0-dimensional and A, is an r-dimensional
K-vector space. Then the following are equivalent:

» Up to K-multiplication, there are r distinct common eigenvectors
of {M)t(f}ie{1,...,n}-
» [p is radical.
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Ideas

Use Henkel operators

Theorem

Let A € R* such that /5 is 0-dimensional and A, is an r-dimensional
K-vector space.
» V(In) = {1, ..., (s} is radical if and only if s = r since Ax = R/Iy and
dim(An) =r.
Then the following are equivalent:
» Up to K-multiplication, there are r distinct common eigenvectors
of {M)t(,}ie{1,...,n}-
» Eigenvalues of My, and M, are {xi(¢1),...,x(s)}. [Stickelberger]
» v is an eigenvector for every {M;I.},E“ ,,,,, ny if and only if there exist
Gi,...,Cs € K"and k # 0 such that v = k1.

» [5 is radical.
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Ideas

Fill the Henkel matrix

Let f= -4y + 2z +2yz + Z2.
We know some entries of Hy:

1 y z y? yz z2
1) ) P 07 Fz) (@)
y | () 07 2
Ha=| z | f(2) f(yz2) £(Z?)
y2 | (y?)
yz | *(yz) ?
22 | *(2%)
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Ideas

Fill the Henkel matrix

Letf=-4y +2z+2yz+ Z°.

1 y z y? yz Z2
0 =2 1 0 1 1

0 h@oy hety hae hieiy hee
T heiy hazy haiy hezy hag
T hazy hosy hez) hasy heas

NN\§\<NN\< —_

We want values for h such that rkH, = r and / is radical.
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Ideas

Fill the Henkel matrix

Letf=-4y + 2z +2yz + Z°.

1 y z y? yz Z2
0 -2 1 0 1 1
2 0 1 h@oy hety hag

Ha(h) = 1 1 hety hagy hoes

-
0 heo hety haoy haeiy hee
T hen haz hary hez hags)
T hazy hog hez)y hags) hoas

We guess that B = {1, y, z} is a basis for A, so that r = 3. Define

0 2 1
HE=| 2 o
3 K
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Ideas

Fill the Henkel matrix

Let f= -4y + 2z +2yz + Z2.

1y z y? yz 2
0 -2 1 0 1 1
-2 0 1 h@oy hety hap
Ha(h) = 1 1 1 hety haz hos

0 h@oy heiy haoy hen  hepe
T heny hazy haiy  hezy  hags)
T hazy hosy hez  hag  heas

We guess that B = {1, y, z} is a basis for A, so that r = 3. Define

0 -2 1 N !
Hi=[ 2 o 1|, HE,=[ 0 |heo e
T 1 1 1 hety  hag
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Ideas

Fill the Henkel matrix

Let f= -4y + 2z +2yz + Z2.
We guess that B = {1, y, z} is a basis for A, so that r = 3. Define

0 1 0
MJ = HP A (HR) ™ ( N LCEORELICRD §7,0) * 312,1) .0 * 202, ),

“fhen bt ghen tihae - §  Fhen tihae t g

B B By-
MZ = HZ A(HR)™ : :

0 0 1

_3 1 1 1 1 _3 1 1 1

gh(z,W)+?”(1,2>+a ah(2,1)+z1th(1,2) 8 4“(2,1>+§”(1,2)+4 .
-8tz ts My tafs) m8 212t 2h0s) T
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Ideas

Fill the Henkel matrix

Letf=-4y + 2z +2yz + Z°.
We guess that B={1,y, z} is a basis for Ax, so that r = 3. Define

0 1 0
M}l? = HE*A(H/?)J = ;%h(a.o) : 1h2,1) | $h(3,0) : The, 1 ; 1(3,0) : Shez2,1) ,
“shen il s shentifi s zhentzhte) ta

0 0 1
ME=HE ,(HB) ' = “Bhentifca Ty Fentifen§ dfent e i ]
~gha2) tzhos) T8 g2 tal03) 8 aha2) tzhos) ta

We want multiplication operators to commute!

MEMZ - M2M? = 0.

= h@oy=-2, he1)=1, hey =1, heqy =4
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Ideas

Fill the Henkel matrix

Let f= -4y + 2z +2yz + Z°.

R K1 LB
)9 o

—_
S—
—
—
—
-
ol

S—
—_———
i
—
W = =
S—
—

- OO0 OO =
viokwsiw = O O

A. Bernardi, D. Taufer | Algorithm for rank and cactus rank of a polynomial



Ideas

Fill the Henkel matrix

Let f= -4y + 2z +2yz + Z2.

oo | (3 (1)

1
2
Solve in A+ f =X (1-1y +02)% + Xp(1 + 1y—%z)2 +xa(1+ 1y +82)°.
1
)\1 :1 )\2:_? )\3:$

Conclusion: f = (1 —y)z -8(1+y- %z)2 +2(1 +y+32)2.
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STD algorithm

As proposed in [BCMT]

Algorithm: Symmetric tensor decomposition
Input: A homogeneous polynomial F(xp, X1, ..., X,) of degree d.
Output: A decomposition of F as F = ¥)/_; A\;,L? with r minimal.

» Compute the coefficients of f*: ¢, = a,x(g)q, for |a| < d.
»ri=1.
» repeat

1. Compute a set B of monomials of degree at most d connected to
one with |B| = r.

2. Find parameters h s.t. det(H%) = 0 and the operators
M; = Hy ,A(HR) ™" commute.

3. If there is no solution, restart the loop with r:=r + 1.

4. Else compute the n x r eigenvalues ¢;; and the eigenvectors v; s.t.
Mivi=Gijvj, i=1,...,nj=1,...,r.

until the eigenvalues are simple.

» Solve the linear system in (};);=1,...x: A= ¥4 j1¢, where ¢; e K”
are the eigenvectors found in step 4.
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The refinements

0) Essential variables

Algorithm: Symmetric tensor decomposition

Input: A homogeneous polynomial F(xo, x1,...,X,) of degree d
written by using a general set of essential variables.

Output: A decomposition of f as F = ¥.7_; A ki(x)? with r minimal.

-

» Compute the coefficients of *: ¢, = a.(¢) ', for |a| < d.
»re=1.

» repeat

1. Compute a set B of monomials of degree at most d connected to
one with |B| = r.
2. Find parameters h s.t. det(H%) = 0 and the operators
M; = Hy ,A(HR)™" commute.
3. If there is no solution, restart the loop with r:=r + 1.
4. Else compute the n x r eigenvalues (;; and the eigenvectors v; s.t.
M,‘ViZC,',]'Vj, i= 1,...,/7.,/':1,....,I’.
until the eigenvalues are simple.
» Solve the linear system in (};);=1,...x: A = ¥4 j1¢, where ¢; e K”
are the eigenvectors found in step 4.
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The refinements

0) Essential variables

Algorithm: Symmetric tensor decomposition
Input: A homogeneous polynomial F(xp, x1, ..., Xn) of degree d
written by using a general set of essential variables.

» General: De-homog. by xo implies decomp. of type

f= Z)\,’(1 +Oc,'l,‘(X1,...,Xn))d

r
=1

» Essential variables:
XCr(x+y+2)°

2 essential variables and rank 2 = Any basis made of 2 elements
= we can recover at most 2 coefficients of the linear forms.
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The refinements

1) The starting r

Algorithm: Symmetric tensor decomposition

Input: A homogeneous polynomial F(xp, X1, ..., X,) of degree d.
written by using a general set of essential variables.

Output: A decomposition of F as F = ¥.7_; \ki(x)? with r minimal.

» Compute the coefficients of *: ¢, = aa(g)q, for [o| < d.

» =+ r:=#EssVar(f)?
» repeat

1.

2.

3.
4.

Compute a set B of monomials of degree at most d connected to
one with |B| = r.

Find parameters h s.t. det(H%) # 0 and the operators

M; = Hy ,A(HR)™" commute.

If there is no solution, restart the loop with r:=r+1.

Else compute the n x r eigenvalues ¢;; and the eigenvectors v; s.t.
Mivj =Gy, i=1,...,nj=1,...,r.

until the eigenvalues are simple.

» Solve the linear system in (/;);—1,...x: A = ¥i_ i1, where ¢; e K"
are the eigenvectors found in step 4.



The refinements

1) The starting r

Algorithm: Symmetric tensor decomposition

Input: A homogeneous polynomial F(xp, X1, ..., X,) of degree d.
written by using a general set of essential variables.

Output: A decomposition of F as F = ¥.7_; \ki(x)? with r minimal.

» Compute the coefficients of *: ¢, = aa(g)q, for [o| < d.

» =+ r:=rk(Maximal numerical submatrix of Hy).
» repeat
1. Compute a set B of monomials of degree at most d connected to
one with |B| = r.
2. Find parameters h s.t. det(H%) = 0 and the operators
M; = Hy ,A(HR)™" commute.
3. If there is no solution, restart the loop with r:=r + 1.
4. Else compute the n x r eigenvalues (;; and the eigenvectors v; s.t.
Mivj =Gy, i=1,...,nj=1,...,r.
until the eigenvalues are simple.
» Solve the linear system in (/;)j-1,.. k1 A= i li1;, where ¢j € K"
are the eigenvectors found in step 4.
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The refinements

1) The starting r

» ==+ r:=rk(Maximal numerical submatrix of Hp).

1. (.LK.) ~ (rk(Maximal numerical submatrix of Hy))< rk(F)
so we do not miss good decompositions.
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The refinements

1) The starting r

» ==+ r:=rk(Maximal numerical submatrix of Hp).

1. (.LK.) ~ (rk(Maximal numerical submatrix of Hy))< rk(F)
so we do not miss good decompositions.

2. Not only a matter of time consuming:

F=x"+(x+y) "+ (x-y) =3x*+12x2y% + 2y*

3 0 2 O
0 2 0 2
2 0 2 bhs
0 2 hs he
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The refinements

1) The starting r

» ==+ r:=rk(Maximal numerical submatrix of Hp).

1. (.LK.) ~ (rk(Maximal numerical submatrix of Hy))< rk(F)
so we do not miss good decompositions.

2. Not only a matter of time consuming:

F=x"+(x+y) "+ (x-y) =3x*+12x2y% + 2y*

3 0 2 O
0 2 0 2
2 0 2 bhs
0 2 hs he

Start with r = 2 (instead of r = 3). Only one basis: B= {1, y}.
M = ( g 2) ) has two eigenvectors (+/3/2,1)
3

but the system F = X\ (1/3/2x + )% + Xa(—/3/2x + y)* has no solutions.
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The refinements

1) The starting r

» ==+ r:=rk(Maximal numerical submatrix of Hp).

1. (.LK.) ~ (rk(Maximal numerical submatrix of Hy))< rk(F)
so we do not miss good decompositions.

2. Not only a matter of time consuming:

F=x"+(x+y) "+ (x-y) =3x*+12x2y% + 2y*

3 0 2 O
0 2 0 2
2 0 2 bhs
0 2 hs he

Start with r = 2 (instead of r = 3). Only one basis: B= {1, y}.
M = ( g 2) ) has two eigenvectors (+1/3/2,1)
3
but the system F = X\ (1/3/2x + )% + Xa(—/3/2x + y)* has no solutions.

Ignore the condition imposed by the coefficients of y2, then system has
solution, that is A = A2 = £ which lead to G = 3x* + 12x°y% + 2y*.
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The refinements

2) Connection to one vs staircases

Algorithm: Symmetric tensor decomposition

Input: A homogeneous polynomial F(xp, X1, ..., X,) of degree d.
written by using a general set of essential variables.

Output: A decomposition of F as F = ¥.7_; \ki(x)? with r minimal.

» Compute the coefficients of *: ¢, = aa(Z)q, for o] < d.
» 1 = rk(largest numerical submatrix of Hj).
» repeat
1. Compute a set B of monomials of degree at most d
connectedto-one which is a complete staircase with |B| = r.
2. Find parameters h s.t. det(H%) = 0 and the operators
M; = H ,A(HR) ™" commute.
3. If there is no solution, restart the loop with r:=r+1.
4. Else compute the n x r eigenvalues (;; and the eigenvectors v; s.t.
M,‘ViZC,',/'Vj, i= 1,...,”.,_/.:1,....,/’.
until the eigenvalues are simple.
» Solve the linear system in (/;)j-1,.. k1 A= S li1;, where ¢j € K"
are the eigenvectors found in step 4.
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The refinements

2) Connection to one vs staircases

Connection to one: B={1,y,y?, y?z y3}.
Complete staircase: B={1,y,z,y?, yz}.

Let F ¢ R be homogeneous written by using essential variables and
let A e R* be an extension of f* € RZ,. Then there is a monomial basis
B of Ax such that B is a complete staircase.

Comparison with 3 variables

Size of B | # Complete staircases | # Connected to 1
3 1 5

4 3 13

5 5 35

6 9 96

7 13 267
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The refinements

3) Common eigenvectors

Algorithm: Symmetric tensor decomposition

Input: A homogeneous polynomial F(xp, X1, ..., X,) of degree d.
written by using a general set of essential variables.

Output: A decomposition of F as F = ¥.7_; \ki(x)? with r minimal.

» Compute the coefficients of f*: ¢, = a, (%) ' for la| < d.
» 1 := rk(largest numerical submatrix of Hj).
» repeat
1. Compute a set B of monomials of degree at most d which is a
complete staircase with |B| =r.
2. Find parameters h s.t. det(H%) = 0 and the operators
M; = Hz ,A(HR) ™" commute.
3. If there is no solution, restart the loop with r:=r+1.
4. Else compute the n x r eigenvalues (;; and the eigenvectors v; s.t.
M,‘Vi:C,',jVj, i= 1,,..,”,]‘:1,.,.7['.

until the-eigenvaluesaresimple. there are r common eigenvectors.

» Solve the linear system in (})j=1,... k1 A = ¥i_y [1¢, where ¢; e K" are the
eigenvectors found in step 4.

A. Bernardi, D. Taufer | Algorithm for rank and cactus rank of a polynomial
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The refinements

3) Common eigenvectors

F=(x+yP®+(x+2)°%+(x+y+2)3
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What we can learn more
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What we can learn more

Tangential decomposition

Let Fi:=(x+y)°+ (x+2)°+(x+2y)(x - y)*.
We check r=4and B= {1,y, z, y?}.

01 0 0 0010
s (00 o 1 s [0 000
M=1o0 0 o M=[0oo0 1 o0

11 -1 -1 000 0

Bk
1)
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What we can learn more

Tangential decomposition

Let Fi= (x +y)° + (x+2)° + (x +2y) (x — y)*.
We check r=4and B={1,y, z, y?}.

01 0 0 0010
s oo o 1 s [0 o000
M =[oo0o o o |'M=]lo0oo0 10
11 -1 -1 0000
!

1 1 1

1 0 1

o |-\ 1 o |

1 0 1

1 1 0\ /0

0 o || 1 0

1\ ollol]lol:

1 o) \o) \1
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What we can learn more

Tangential decomposition

Let Fi= (x+y)° + (x+2)° + (x +2y)(x — y)*.
We check r=4and B={1,y, z, y?}.

01 0 0 0010
s (00 o 1 s [0oo0 o0 o0
M =[oo0o o o |'M=]lo0oo0 10

11 -1 -1 0000
|
1 1 1 1
1 0 1 2 .
P |

( 0 >,< 1 >< o I'l o ), Generalized!

1 0 1 5
1 1 0\ [0
0 0 1 0
1 \lol'lo|]ol)
1 o) \o 1
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What we can learn more

Tangential decomposition

Definition
The tangential rank of F is the minimal r € N such that

k
F=Y M8 Lgyi+ > LS

i=1 i=k+1

with kK + s = r and k < s. Such a decomposition for which r is minimal
is a tangential decomposition of F.
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What we can learn more

Tangential decomposition

Proposition

Let/=1+hxi+---+Ihxpe Reyand g=1+ 91Xy + -+ gnXn € R<q.
For every d € Z,1 we have

(*g) =1, + 1,0[2 12

i=1 I

]ER:d
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What we can learn more

Tangential decomposition

Proposition

Let/=1+hx;+---+Ihxpe Reyand g=1+ 91Xy +---+ gnXn € R<y.
For every d € Z.1 we have

(1% 'g)=1 g o[i 8 ]GF?*
/ <d-
I

i=1

Let A € R* be an extension of * € R, with F = L9 G. Then
» The common eigenvector of M is 1.

» The generalized rank-2 eigenvector of each Mf(/ is
10 I:ZIZ‘I (9i - /i)a%]-
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Algorithm

Tangential decomposition

Input: A homogeneous polynomial F(xp, x1, ..., Xn) of degree d.
Output: A minimal decomposition of F as
F = S ALY Lovi + Ser NLT.
» Construct the matrix Hx(h) with the parameters h = {h,} ,cno-
|a|>d
» Set r:=rkHy.
» repeat
1. Compute a set B of a complete staircase monomials with |B| = r.
2. Find parameters h s.t. det(H%) = 0 and the operators
M; = Hz ,A(HR) ™" commute.
3. If there is no solution, restart the loop with r:=r + 1.
4. Else compute the 5 < s < r eigenvectors of a generic Z,—a,M?.
until There are r — s distinct generalized of rank up to 2
eigenvectors Vs, 1, ..., v, common to M®’s such that
» they have rank 2 for at least one M?,
» when they have rank 2, their chain is always {vs,;, vi}.
» Solve the linear system in Ay,..., \/:
F = er:_f Vid_1 (/\I'Vi + )\s+iVs+i) + Z;‘S:r—sﬂ /\iV/d-



Another example

Tangential decomposition

F=-2x"-4x%y + 92x82 + 15x5y2 — 675x°2% — 20x*y® + 2700x* 2% P
15x3y* - 6075x32* - 6x2y° + 7290x22° + xy® — 3645x2°.
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Another example

Tangential decomposition

F=-2x"-4x%y + 92x82 + 15x5y2 — 675x°2% — 20x*y® + 2700x* 2% P
15x3y* - 6075x32* - 6x2y° + 7290x22° + xy® — 3645x2°.

Check r=6and B={1,y,z y? z2,y%}.
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Another example

Tangential decomposition

F=-2x"-4x%y + 92x82 + 15x5y2 — 675x°2% — 20x*y® + 2700x* 2% P
15x3y* - 6075x32* - 6x2y° + 7290x22° + xy® — 3645x2°.

Check r=6 and B = {1 ,y,z,yz,zzvys}-

Common eigenvectors of (M7)" and (M2)": (1,0,0,0,0,0),
(1,-1,0,1,0,-1), (1,0,-3,0,9,0).
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Another example

Tangential decomposition

F=-2x7 —4x%y +92x8z + 15x5y? — 675x522 - 20x*y® + 2700x* 23 P=
15x3y* - 6075x32* - 6x2y° + 7290x22° + xy® — 3645x2°.

Check r=6and B={1,y,z y? z2,y%}.

Common eigenvectors of (M7)" and (M2)": (1,0,0,0,0,0),
(1,-1,0,1,0,-1), (1,0,-3,0,9,0).
generalized eigenspaces:

(MD)! (

——
A
-
vo Loo =
E—
e
|
e——
A
coco—
E—

<Mf>f:(

cocococo—~ @POCOOO-=

o
o oo
|
©

—
o
- o
—
o
|
w
coo =
—
o
vo oo =
—

F=2x8(x+y+2z)+(x-y)®x-5(x-32)°x.
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What we can learn more
and more




What we can learn more

Cactus decomposition

F = (x2 +y2 + 6xz—822)(4x—y— 5z)
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What we can learn more

Cactus decomposition

F=(x*+y?+6xz-82%)(4x -y -52)
Start with r = 3,
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What we can learn more

Cactus decomposition

F=(x*+y?+6xz-82%)(4x -y -52)

Start with r = 3,
(M, B)! and (M,B)! commute and there is a unique common
eigenvector: (4,-1,-5)
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What we can learn more

Cactus decomposition

F=(x?+y?+6xz-82°)(4x -y - 52)

Start with r = 3,
(M, B)! and (M,B)! commute and there is a unique common
eigenvector: (4,-1,-5)
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What we can learn more

Cactus decomposition

F=(x?+y?+6xz-82z°)(4x —y - 52)

Start with r = 3,

(MyB)! and (MB)' commute and there is a unique common
eigenvector: (4,-1,-5) and both their Jordan decompositions have 1
rank-3 block.
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What we can learn more

Cactus decomposition

F=(x?+y?+6xz-82z°)(4x -y - 52)

Start with r = 3,

(M, B)! and (M,B)! commute and there is a unique common
eigenvector: (4,-1,-5) and both their Jordan decompositions have 1
rank-3 block.

Since r/2 > 1 there is no tg. decomposition for F with r = 3, i.e.

Fsl30p+ L3

for any linear form Ly, Lo, L.

A. Bernardi, D. Taufer | Algorithm for rank and cactus rank of a polynomial



What we can learn more

Cactus decomposition

F=(x?+y?+6xz-82z°)(4x —y - 52)
Start with r = 3,
(M, B)! and (M,B)! commute and there is a unique common
eigenvector: (4,-1,-5) and both their Jordan decompositions have 1
rank-3 block.
Since r/2 > 1 there is no tg. decomposition for F with r = 3, i.e.

Fl3 "o+ L3
for any linear form Ly, Lo, L.

Claim: Since we did not fill any h, this is the unique decomposition of
F of type

F=L"?N
with N a quadratic form.
So, to recover N, it is sufficient to solve a linear system:

F = (ax® + bxy + cxz + dy? + eyz + z2) (4x — y — 52)
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What we can learn more

Cactus decomposition

Non-definition (yet)
A cactus decomposition of F € Ry is a "minimal" way of writing F as

LIKN;

I

F-=

o

I
-

with N,‘ € Rk,.
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What we can learn more

Cactus decomposition

Non-definition (yet)
A cactus decomposition of F € Ry is a "minimal" way of writing F as

L9k N,

I

F=

o

]
-

with N,‘ € Hk,.

MINIMAL in which sense?
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What we can learn more

Cactus decomposition

Proposition

F=35, LMNiff3¢;,...,Cs c K", an extension A ¢ R* of f* ¢ R’y and
{pi}ict1,...ay € R st

/\:ilg,opi(é). (1)
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What we can learn more

Cactus decomposition

Proposition

F=x%, L7 N;iff 3¢,..., ¢ € K™, an extension A € R* of f* ¢ RZ, and
{pi}ict1,...ay € R st

/\:zs:lgiop,'((s). (1)
i=1

Definition
A as in (1) such that
r= @i dimk({1¢, © 0% Pi}|al<degp; K -

::r,v:multlcl.

is minimal, is called a generalized decomposition of f*.
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What we can learn more

Cactus decomposition

Proposition

F=%%, Lf’k’Ni iff 3¢1,...,¢s € K", an extension A € R* of f* € R, and
{Piticgs,...qy SR st

A=3214.0p(0) (1)

Definition
A as in (1) such that
r=oi; dimk({1¢, 0 0°Pi}jal<degp )k -

| A

::r,:multlcl.

is minimal, is called a generalized decomposition of f*.

o’

Definition and Theorem [—,B,M]

The minimal r for which there exists a generalized decomposition of * € Ry is
the cactus rank of F.

o
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What we can learn more

Cactus decomposition

Proposition

Let A= Y71 o pi(d) be a generalized decomposition of f*. Then
there exist k; € K, N; € Ry, such that F can be written as

S
F=Y LN (*)
i=1

(*) is called a cactus decomposition of F.
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What we can learn more

Cactus decomposition

Proposition

Let A=Y7 1 o pi(d) be a generalized decomposition of f*. Then
there exist k; € K, N; € Ry, such that F can be written as

S
F=Y LN (+)

(*) is called a cactus decomposition of F.

Can we recover a cactus decomposition of a given F € Ry?

A. Bernardi, D. Taufer | Algorithm for rank and cactus rank of a polynomial



What we can learn more

Cactus decomposition

[BCMT] Theorem

Let F € Ry.

The minim r for which 3 an extension A € R* of f* with rkHy = r

The minimum r which allows to fill Hx(h) in order to have commuting
multiplication operators.
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What we can learn more

Cactus decomposition

[BCMT] Theorem
Let F € Ry.

The minim r for which 3 an extension A € R* of f* with rkHy = r

The minimum r which allows to fill Hx(h) in order to have commuting
multiplication operators.

v

Find commuting operators = read the 1,’s as the common rank-1
eigenvectors for the M, .
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Algorithm

Cactus rank

Input: A homogeneous polynomial F(xp, X1, ..., X,) of degree d.
Output: The cactus rank of F and the L; s.t. F = ¥k, )\,-Lf-j’k’N,- is a
cactus decomposition of F.

» Construct the matrix Hx (h) with the parameters h = {h, } ,ne-
|a|>d

» Set r:=rkHE..
1. Compute a set B of a complete staircase monomials with |B| = r.
2. Find parameters h s.t. det(H%) = 0 and the operators
M; = Hy ,A(HR) ™" commute.
3. If there is no solution, restart the loop with r:=r + 1.

» Else Output 1) r is the cactus rank of F.
4 Compute the eigenvectors vy, ..., vs of a generic ¥; aiMB.
» Output 2) L;:=v;,i=1,...,s.
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What we can learn more

Cactus decomposition

Recall

Definition
The minimal r = @ ; dimk({1¢, © 0“Pj}|a|<degp, )k fOr which there exists

:=r,-=mu|t1</.
a generalized decomposition of F € Ry is the cactus rank of F.
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What we can learn more

Cactus decomposition

Recall

Definition
The minimal r = ¢ ; dimk({1¢, © 0“Pi}|a|<degp, )k fOr which there exists

::r,-:multlc(.
a generalized decomposition of F € Ry is the cactus rank of F.

The last thing that we can do is to recover each r;.
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What we can learn more

Cactus decomposition

FeRg, AN=37110pi(5) € R* a generalized decomposition of f*.

Theorem
For every je {1,...,n} and every o« € N the element

10 (0%pi)(6) € AR

is either the zero map or a generalized eigenvector common to every
M, with eigenvalue (¢;);-
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What we can learn more

Cactus decomposition

FeRy, N=37110pi(6) € R* a generalized decomposition of f*.

Theorem

For every je {1,...,n} and every o« € N the element

12 (0%pi)(6) € AR

is either the zero map or a generalized eigenvector common to every
M, with eigenvalue (¢;);.

If V/[11] is the generalized eigenspace of Mf(l_ relative to the eigenvalue
, then for every i e {1,..., s} the multiplicity of 1., is given by

mult 1, = dimg Ly V/[(G)].
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Back to a previous example

Tangential decomposition was cactus

F=2x8(x+y+2)+(x-y)x-5(x-32)%x.
Common eigenvectors of (M?)" and (M2)":
vi = (1,0,0,0,0,0) « V/[0], VZ[O]
vo=(1,-1,0,1,0,-1) ¢ V[~ ] 2[0],

v3 =(1,0,-3,0,9,0) ¢ V/[0], V*[-3].
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Back to a previous example

Tangential decomposition was cactus

F=2x8(x+y+2)+(x-y)x-5(x-32)%x.
Common eigenvectors of (M?)" and (M2)":
vi =(1,0,0,0,0,0) € V¥[0], VZ[O]
vo=(1,-1,0,1,0,-1) ¢ V[~ ] 2[0],

vz =(1,0,-3,0,9,0) ¢ V/[0], V*[-3].
generalized eigenspaces:

1 1 1 1 1 1

0 1 0 0 -1 0

Byt . 0 1 -3 0 0 0
N (I 1l | | e R e

0 0 9 -9 0 0

0 0 0 0 -1 2

1 1y o 1 1 Wy

o | 1 -1 0 0 0

s [l o |l 1 0 0 -3 0
I I e | e R e A I

o |l o 0 0 9 -9

o/\o -1 2 0 0

vz[0] vZ[-3]
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Alg

orithm

Cactus apolar scheme

Input: A homogeneous polynomial F(xp, x1, ..., Xn) of degree d.
Output: All multiplicity of the 1,’s of the generalized decomposition
of f*.

>

Construct the matrix Ha(h) with the parameters h = {h, } ,cne-
laf>d

Set r:=rkHE..

Compute a set B of a complete staircase monomials with |B| = r.
Find parameters h s.t. det(H?) + 0 and the operators

M; = HZ  A(HR)™' commute.

If there is no solution, restart the loop with r:=r + 1. Else r is the
cactus rank of f.

Compute the common eigenvectors vy, ..., vs of the l\/I]-B’s and
VI[(¢1);] the generalized eigenspace of M)t(,- relative to the
eigenvalue ((1);

Output mult 1, = dim 0L, VI[();]-
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Further work

» Get any cactus decomposition explicitly? F = Y7, ALK N;.
(recovering the k;’s? recovering the N;'s?)
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Further work

» Get any cactus decomposition explicitly? F = Y7, ALK N;.
(recovering the k;’s? recovering the N;’s?)

» More selective choices of B? May these lead to bounds on r?
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Further work

» Get any cactus decomposition explicitly? F = Y7, ALK N;.
(recovering the k;’s? recovering the N;’s?)

» More selective choices of B? May these lead to bounds on r?
» How to deal with the h’s?
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Further work

» Get any cactus decomposition explicitly? F = Y7, ALK N;.
(recovering the k;’s? recovering the N;’s?)

» More selective choices of B? May these lead to bounds on r?
» How to deal with the h’s?
» Serious implementation? Complexity?
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